The f -vector of a polytope consists of the numbers of its i-dimensional
Introduction
There are many studies of f -vectors in higher dimensions, for example see [Grü03] , [Bar71] , [Bar72] , [Bar73] , [BB84] , [Sta80] , [Sta85] or [BB85] . The set of f -vectors of four dimensional polytopes has been studied in [BR73] , [Bar74] , [AS85] , [Bay87] , [EKZ03] , [Zie02] and [BZ18] . Some insights about f -vectors of centrally symmetric polytopes are given in [BL82] , [AN06] , [Sta87] and [FHSZ13] . It is still an open question, even in three dimensions, what the f -vectors of symmetric polytopes are. This question will be partially answered in this paper.
In particular, given a finite 3 × 3 matrix group G, we ask to determine the set F (G) of vectors (f 0 , f 2 ) ∈ N × N such that there is a polytope P symmetric under G (i.e. A · P = P for all A ∈ G) with f 0 vertices and f 2 facets (we omit the number of edges by the Euler-equation). In this paper we give an answer for all groups that don't contain a reflection summarized in the following theorem. For a detailed explanation of the mentioned groups see Theorem 2.5. For rotary reflection groups, the f -vectors can be classified as:
F (G 2 ) = {f ∈ F : f ≡ (0, 0), (0, 2) mod 4} .
F (G 1 ) = {f ∈ F : f ≡ (0, 0) mod 2} \ {(4, 4), (6, 6)} In this paper we generalize the elementary approach of Steinitz (see [Ste06] ). We start by introducing some fundamental terms and concepts relevant to this work in Section 2. The coarser structure of F (G) is due to the composition of orbits that the group G admits. This can be described in general and will be shown Section 3, especially in Lemma 3.2. The extra restrictions arise from certain structures of facets and vertices, e.g. a facet on a 6-fold rotation axis must have at least 6 vertices, which forces the polytope to be 'further away' from being simplicial.
The main difficulty in characterizing F (G) is the construction of G-symmetric polytopes with a given f -vector. In Section 4 we introduce so called base polytopes, symmetric polytopes that can be used to generate an infinite class of f -vectors.Since the operations on base polytopes produce f -vectors in the same congruence class, we divide the set of possible f -vectors in F (G) into several coarser integer cones. To certify the existence of all f -vectors in one of these coarser integer cones we introduce four types of certificates in Section 5. In Corollary 5. 5 we describe for which f -vectors certificates are needed to obtain all f -vectors conjectured to be in F (G). To give these certificates we need to find symmetric polytopes with 'small' f -vector. To this end, in Section 6, we introduce useful constructions on polytopes that change the f -vectors, but preserve the symmetry. As starting points, we then give a list of some well known polytopes taken from the Platonic, the Archimedean and their duals, the Catalan solids. In Section 7 we are finally able to connect the theory with explicit constructions of polytopes to prove Theorem 1.1. Lastly, we conclude the paper with some open questions and conjectures in Section 8.
Preliminaries
We start by introducing some fundamental terms and concepts relevant to this work. A polytope is the convex hull of finitely many points in R n . A face of a polytope P is the intersection of P with a hyperplane that contains no points of the relative interior of P . The polytope P itself and the empty set are often considered as non-proper faces of P as well, but are irrelevant for the study of f -vectors, since there is always exactly one of each. The dimension of a face is the dimension of its affine hull.
Let P ⊂ R 3 be a 3-dimensional polytope. For i ∈ {0, 1, 2}, we denote by f i (P ) the number of i-dimensional faces of P . We call a facet simplicial if it is triangular and a vertex simple if it has degree three. A polytope is called simplicial if all of its facets are simplicial and it is called simple if all of its vertices are simple. Furthermore, a (i, j)-flag of P for i ≤ j consists of an idimensional face F i and a j-dimensional face F j of P such that F i ⊆ F j . The number of all (i, j)-flags of P is denoted by f i,j (P ).The following result follows directly from the Dehn-Sommerville Equations (see [Grü03, Section 9.2]). It establishes certain dependencies among the numbers of i-dimensional faces of a 3-dimensional polytope:
Theorem 2.1. For any 3-dimensional polytope P we have:
(1) f 0 (P ) − f 1 (P ) + f 2 (P ) = 2,
(2) 2f 0 (P ) − f 2 (P ) ≥ 4,
We have equality in Equation (2) (Equation (3)) if and only if P is simplicial (simple).
It thus suffices to know two of the three numbers f 0 (P ), f 1 (P ) and f 2 (P ); the missing one can be computed using Theorem 2.1, Equation (1). That leads us to the following definition of an f -vector that differs slightly from the definition for higher dimensional polytopes, where all numbers f i (P ) occur in the f -vector.
Definition 2.2. Let P be a 3-dimensional polytope. We define the f -vector of P to be f (P ) = (f 0 (P ), f 2 (P )).
Recall, that we denote by F the set of all possible f -vectors of 3-dimensional polytopes, i.e. F = {f ∈ Z 2 : ∃ polytope P with dim(P ) = 3 and f (P ) = f }.
It turns out that the conditions of Theorem 2.1 are sufficient for a characterization of F . 
i.e. the set of all possible f -vectors of 3-dimensional polytopes is a translated integer cone as shown in Figure 1 .
Let G be a matrix group. We say that a polytope P is G-symmetric if G acts on P , i.e. G · P = P . The set of all possible f -vectors of G-symmetric polytopes is denoted by
By the following well known fact, it is sufficient to study orthogonal groups.
Lemma 2.4. If G is a finite subgroup of GL 3 (R), then there is an inner product ·, · G such that G is an orthogonal group with respect to ·, · G .
Hence, for any finite matrix group G there is an orthogonal group G with F (G) = F (G ) and we can reduce our study to finite orthogonal groups. Luckily, the finite orthogonal groups are well known. In fact, there are only finitely many families. A full list can be found in [GB85] . Here, we will state the characterization of all finite rotation and rotary reflection groups, since these are our main subject of interest. The remaining finite orthogonal groups are the ones that contain reflections and are discussed in Section 8. Remark 2.6. Details of the groups will be explained in Section 7. In the notation of Grove and Benson 2.5.6 corresponds to C 2d 3 ]C d 3 for even d and to (C d 3 ) * for odd d and is generated by a 'rotary reflection', i.e. the conjunction of a rotation and a reflection on a hyperplane perpendicular to the rotation axis. Figure 2 shows a Hasse-diagram of some subgroup relations of these groups. A detailed description of each group is given in Section 5.
We proceed to discuss certain regularities of the sets F (G). For any set M ⊂ Z 2 we denote the symmetric set obtained from M as
Considering the f -vector of the dual polytope f (P ∨ ) = (f 2 (P ), f 0 (P )) shows that F is invariant under the operation. The set F (G) is also invariant under the operation: Let P be a G-symmetric polytope and let b be the barycenter of P . The polytope P * = {x ∈ R 3 : x, y ≤ 1 for all y ∈ P − b} is a G-symmetric polytope with f (P * ) = (f 2 (P ), f 0 (P )). We denote by P ∨ any dual polytope of P that is additionally symmetric under the same symmetry group as P (for example P * ). Furthermore, note that for G 1 ≥ G 2 we have F (G 1 ) ⊆ F (G 2 ). Now we have everything to completely understand our main theorem (Theorem 1.1). If we visualize the set F in a two dimensional coordinate system, it looks like a cone translated by (4, 4) (cf. Figure 1) .
To show that all integer points in the cone exist as f -vectors of 3-polytopes, Steinitz starts with pyramids over n-gons, whose f -vectors are (n + 1, n + 1) for n ∈ Z >2 . He then shows that by stacking a point on a simplicial facet and by cutting a simple vertex, the f -vector of the polytope changes by +(1, 2) and +(2, 1), respectively. The resulting polytope again has simple vertices and simplicial facets, which means that the construction can be repeated. With this method, it can be shown that for all points f in the set {(f 0 , f 2 ) ∈ Z 2 : 2f 0 −f 2 ≥ 4 and 2f 2 − f 0 ≥ 4} we can construct a 3-polytope P with f (P ) = f . Here, the pyramids over n-gons in a way act as generators. In fact, the pyramids over a 3-, a 4-and a 5-gon would already suffice to generate all f -vectors by stacking on simplicial facets and cutting simple vertices.
Clearly, the sets F (G) for finite symmetry groups G are subsets of F . Theorem 1.1 states that for most groups, F (G) is coarser, since only some values modulo n are allowed. For some groups of C n and D d there are also inequalities restricting some residue classes. The third alteration we observe is that one or several 'small' points are left out as it happens for D 2 and G 1 . These alterations are illustrated in Figure 3 .
Conditions on F (G)
Let G be a finite orthogonal subgroup of GL 3 (R). In this section we deduce conditions on the sets F (G) in dependence of the group G. These conditions mostly depend on the structures of orbits under the action of G on R 3 . We start with some notation. A ray in R 3 is a set of the form
for some x ∈ R 3 \{0}. We say that R + x is the ray generated by x. If we consider two points in the same ray, say v ∈ V \{0} and λv with λ > 0, we notice that the orbit polytopes conv{G · v} and conv{G · λv} = λ · conv{G · v} are the same up to dilation. It is thus useful to consider different types of orbits of rays as in the following definition:
A ray-orbit is called regular, if G acts regularly on R, i.e. G acts transitively with trivial stabilizer on R. In this case |R| = |G|. If G is not regular on R, then |R| < |G| and we call R non-regular.
We further call an orbit R a flip orbit, if the stabilizer of R consists of exactly the identity and a rotation of order 2. The respective axis is called a flip-axis.
The following lemma can be used to define a set F such that F (G) ⊂ F . It turns out (cf. Section 7) that this outer approximation is not far from being exact and for certain groups these conditions are already sufficient to describe F (G). Here, for a set M ⊂ Z 2 and an integer n, we define 
where the sum denotes the Minkowski sum of sets. Here we set the sum over the empty set to be {(0, 0)}. Example 3.3. Consider the group G = D 3 , the dihedral group of order 6. It has one 3-fold rotation axis and three 2-fold rotation axes (flip-axes) perpendicular to the 3-fold rotation axis. The orbit of a ray in general position, meaning on none of the rotation axes, has trivial stabilizer and is thus a regular orbit with six elements. Let r be a ray on the 3-fold rotation axis. All rotations around that axis fix r and any of the three flips map r to −r. Hence {r, −r} ⊂ O . For a ray s on one of the flip axes, the stabilizer is generated by the rotation of order 2. The orbit thus is in O 2 and has 3 elements. There are two orbits of this kind, namely D 3 · s and D 3 · (−s).
If we now consider a D 3 -symmetric polytope P and its f -vector f (P ) modulo 6, all facets and vertices in general position form orbits of 6 and are thus irrelevant modulo 6. P can either have a vertex on both r and −r or it can have a facet on both. The facet would then have to be perpendicular to the axis and be invariant under the 3-fold rotation with all its vertices in general position. Independently, P can either have a vertex, an edge or a facet on all three elements in the orbit of s and, again independently, a vertex, an edge or a facet on the orbit of −s. Accounting for all independent possibilities leads to the calculation given in Lemma 3.2: An f -vector f ≡ (2, 3) = (2, 0) + (0, 3) + (0, 0) mod 6, for instance, yields that there is a vertex on both sides of the 3-fold axis, a facet on D 3 · s and an edge on D 3 · (−s) Proof of Lemma 3.2. Let vert(P ) be the set of vertices of P and normals(P ) the set of outer normal vectors of P (thus representing the facets of P ). For a G symmetric set M ⊂ R 3 we use the notation
the set of all ray-orbits of M under G. By partitioning the vertices (resp. facets) into orbits and summing over the cardinality of these orbits, we get
If X is a regular ray-orbit, then |X| = n and can hence be omitted modulo n:
where O is the set of all non-regular ray-orbits of G. Now observe, that each non-regular orbit X intersects either vertices, edges or facets of P . If X ∈ O , then the induced symmetry prevents X from containing edges. Therefore, O ∩ (vert(P )/G) and O ∩ (normals(P )/G) is in fact a partition of O . Analogously, O 2 ∩ (vert(P )/G) and O 2 ∩ (normals(P )/G) are disjoint subsets of O 2 . Altogether, that yields
which is equivalent to the assertion.
Base polytopes
The characterization of f -vectors for a given group G mainly consists of two parts. First, we need to find conditions on F (G) to show that F (G) ⊂ F for a given set F as the one in Lemma 3.2 with a few adjustments. Then we need to construct explicit G-symmetric polytopes for each f ∈ F to show that F ⊂ F (G). To do so, we use polytopes with certain properties to construct infinite families of G-symmetric polytopes. These so-called base polytopes, introduced in this section, form the foundations of our constructions.
G is a G-symmetric polytope P with the following properties:
1. P contains a simplicial facet with trivial stabilizer, 2. P contains a simple vertex with trivial stabilizer.
A general approach to construct a G-symmetric polytope from a given symmetric polytope P (for example from a base polytope) is to take a some vectors v 1 , . . . , v k and consider the convex hull conv(P ∪ G · {v 1 , . . . , v k }). In order to keep track of how the number of vertices and faces change due to the construction with respect to the faces and vertices of P , the following definition is useful:
We say X sees Y with respect to P , if any of the line segments conv(x, y) with x ∈ X and y ∈ Y does not intersect the interior of P .
The next lemma is a technical result ensuring that many operations known for general polytopes can also be used for symmetric polytopes (by adding whole orbits instead of points) without getting unexpected edges and facets. Proof. First, note that D sees the set ((G · D)\D) ∪ (P \F ) if and only if D sees the set ((G · D)\D) ∪ (vert(P )\ vert(Q)): By definition, D cannot see any interior points of P . If we take a point y on the boundary of P that is not a vertex, that is, y lies in the relative interior of a face F of P , then a point x ∈ D sees y if and only if x sees all vertices of F .
The center point
of the vertices as well as the outer normal vector a of F are fixed by H. Therefore, c + δa is also fixed by H for any choice of δ ≥ 0. Then, any disc with normal vector a and center on c + R + a is H-symmetric.
For ε, δ ≥ 0 define D(δ, ε) to be the H-symmetric disc with radius ε parallel to F with distance δ by
where p δ := c + δa. Note that for any vertex v ∈ vert(P ) \ vert(F ) the function φ v that sends (δ, ε) to the distance between F ∩ conv(D(δ, ε), v) and the relative boundary of F is continuous and φ v (0, 0) > 0. Analogously, for any A ∈ G\H the function φ A that sends (δ, ε) to the distance between
and the relative boundary of F is continuous and also φ A (0, 0) > 0. Hence, we find a small δ 0 > 0 and a small ε
The most important technique to generate new G-symmetric polytopes is by stacking vertices on facets. This is a generalization of the constructions of Steinitz [Ste06] . Furthermore, P has simplicial facets with trivial stabilizer and a vertex with stabilizer H of degree k. We denote P = CS k,|G|/|H| (P ) and call the operation careful stacking on F .
Proof. We choose w to be the center point of a disc as in Lemma 4.2. Set P = conv(P ∪ Gw).
Clearly P is G-symmetric. By the orbit stabilizer theorem, we know that |Gw| = |G| |H| . Furthermore, we know that all edges incident to w are those between w and the vertices of F . Therefore, we can think of P as the polytope P with pyramids over F and the facets in the orbit of F , resulting in |G| |H| new vertices (Gw) and k · |G| |H| new simplicial facets, while the |G| |H| facets GF are lost. This yields
The facets of the obtained pyramids are simplicial with trivial stabilizer and w has stabilizer H by definition.
For any operation δ on polytopes we can define the dual operation that sends P to (δ(P ∨ )) ∨ ). Applying that to Lemma 4.3, we get Remark 4.4. Let P be a G symmetric polytope and v a vertex of degree k with stabilizer |H|. Then there is a G symmetric polytope P such that
obtained by the dual operation of CS k,|G|/|H| called careful cutting CC k,|G|/|H| . More precisely
The polytope P has simple vertices with trivial stabilizer and a facet of degree k with stabilizer H.
Applying the operations CS and CC successively to base polytopes, we can generate infinite families of G-symmetric polytopes. That shows the existence of a whole integer cone of f -vectors. Using the notation Cf = (2, 1)N + (1, 2)N, we have:
Proof. By Lemma 4.3 we know that there is a polytope P = CS 3,n (P ) with f (P ) = f (P ) + n(2, 1). Furthermore, P has a simple vertex and a simplicial facet with trivial stabilizer. Thus P is a base polytope. The same is true for P = CC 3,n (P ). We can thus apply the operations CS 3,n and CC 3,n successively to get f (CS a 3,n • CC b 3,n (P )) = f (P ) + a · (n, 2n) + b · (2n, n) for any integers a, b ≥ 0. Hence, f (P ) + n Cf ⊂ F (G). This is the main tool for the construction of polytopes with a given f -vector.
Certificates
Since it is often impossible to construct symmetric base polytopes with small f -vector entries, we show that it is possible to replace one base polytope by several polytopes with certain weaker properties and still get an integer cone of f -vectors as in Corollary 4.5. We thus introduce the concept of certificates, a collection of one or more polytopes with certain properties that ensure (certify) the existence of an integer cone of f-vectors of the form v + nf for some vector v ∈ N 2 and n = |G|. The weaker properties on polytopes we introduce are called left and right type, where the name is only due to our choice of writing down the certificate.
A right type (left type) polytope w.r.t. G and f is a G-symmetric polytope P with f (P ) = f which has simple vertices (simplicial facets) with trivial stabilizer. If it is understood in the context, we omit the group G.
Note that a left type polytope P can be used to construct a base polytope P with f (P ) = f (P ) + (n, 2n) by a single CS 3,n operation. On the other hand, a right type polytope P can be used to construct a base polytope P with f (P ) = f (P ) + (2n, n) by a single CC 3,n operation. The left type and right type polytopes can thus be interpreted as 'half base'.
2. An RL-certificate for a vector f consists of a right type polytope P R w.r.t. f and a left type polytope P L w.r.t. f + (n, 2n). It can be visualized as:
An LR-certificate for a vector f consists of a left type polytope P L w.r.t. f and a right type polytope P R w.r.t. f + (2n, n). It can be visualized as:
for a vector f consists of four polytopes P L , P R , P, Q such that
It can be visualized as:
for a vector f consists of a base type polytope P B with f (P B ) = f or two polytopes P L , P R such that P L is a left type polytope and P R is a right type polytope, both with respect to f . It can be visualized as:
We say that we have a certificate for a vector f if there is either an LR-certificate, an RL-certificate, a triangle-certificate or a base-certificate w.r.t. f .
The benefit of certificates is the following theorem: 
then v is an f -vector of one of the polytopes given above. If a + b ≥ 3 then either a or b are bigger than two. Thus, if a ≥ 2, we have v = f + (2n, 4n) + (a − 2) · (n, 2n) + b · (2n, n) and a G-symmetric polytope can be constructed via Corollary 4.5 using a − 2 careful stacking operations and b careful cutting operations on Q. When b ≥ 2 we can use an analog argument on P .
The following Lemma shows, for which vectors f ∈ N 2 we need a certificate to obtain all f -vectors given by a certain congruence relation.
Lemma 5.4. Let p, q, n be integers such that 0 ≤ p ≤ q < n. Furthermore, let m be the smallest integer such that m ≥ 4 + p − 2q and n|m. Moreover, let
Then
In other words, Lemma 5.4 shows that if we have certificates for f = (p, q) + v i , i ∈ 1, 2, 3, we have shown that X(p, q) ⊂ F (G).
Proof. It is obvious that F is a union of translates of the fundamental domain of the lattice Λ generated by n · (2, 1) and n · (1, 2) starting with X := {(a, b) : (4, 4) ). There are exactly three points of X(p, q) in X since Λ has determinant 3n 2 while the lattice nZ 2 has determinant n 2 . It is easy to check, that these are exactly the points v 1 , v 2 , v 3 given above.
With Theorem 5.3 and Lemma 5.4 as well as the fact that F (G) = F (G), it easily follows:
If, for every i = 1, . . . , r and every k = 1, 2, 3 we have a certificate with respect to the group G and the vector (
Consequently, to show that F (G) contains a set F of the form as in Lemma 3.2 it suffices to state a list of certificates.
Constructions of symmetric polytopes
It is easy to construct polytopes symmetric under G by taking the convex hull of several orbits. However, in most cases it is hard to control the f -vector of the resulting polytope. In this section, we describe some special operations that can be applied to G-symmetric polytopes to obtain other G-symmetric polytopes. These operations will be used in Section 7 to construct symmetric polytopes needed for certificates. We will emphasize the implications for the f -vector and the types of the polytope. The first operation we discuss is to stack smaller copies of a facet of a polytope on that facet to get a kind of narrowed prism. Furthermore, P is right type and has a facet of degree k with stabilizer H. If P is left type then P is base. We denote P = RP k,|G|/|H| (P ) and call it regular prisms or prisms over F .
Proof. We choose F to be a small copy of F contained in a small disc over F chosen as in Lemma 4.2. Define P = conv(P ∪ G · F ). P has k additional vertices over F , namely the vertices of F . Furthermore, P contains k + 1 additional facets over F , one quadrilateral facet between any edge of F and its counterpart in F as well as F itself, while F is no face of P . Since the same argument holds for all the |G| |H| elements in the orbit of F , we get
as desired. The vertices of F are simple with trivial stabilizer, thus P is right type. If P has a simplicial facet with trivial stabilizer which is not contained in the orbit of F , then this facet is also a facet of P . If, on the other hand, F is a simplicial facet with trivial stabilizer, then so is F . In any case, if P is left type then P is also left type and thus base.
By Lemma 4.2 we can apply any operation over a two dimensional polytope to a full orbit of facets without unexpected edges and facets. In the following we state a few such operations. The missing proofs are all analougusly to the proof of Lemma 6.1.
For example, we can also stack a smaller rotated copy of a facet over itself to get the following: Additionally, P has simplicial facets with trivial stabilizer and is thus left type. We denote P = TP k,|G|/|H| (P ) and call it twisted prisms over F .
Instead of a small copy of itself, one can also stack other facets over a given facet. It can yield interesting transitions of the f -vector when the appended faces are not in a general position, lets say some edges are parallel to the edges of the given face. The following Lemma illustrates the example of stacking a 2k-gon regularly on a k-gon. Furthermore, P is base and has a facet of degree 2k with stabilizer H. We denote P = BP 2k,|G|/|H| (P ) and call it big prisms over F .
Similar to the above construction we may also stack a k-gon on a 2k-gon in a regular manner if the stabilizer allows to do so. Furthermore, P is left type. We denote P = HP 2k,|G|/|H| (P ) and call it half prisms over F .
The constructions seen before share a strong 'regularity'. The stabilizer of a facet implies a symmetry for all facets we stack over it. So it is a reasonable question if we are able to stack something without such 'regularity' (Say, there are no parallel edges). At least if the stabilizer only contains rotations, this is the case. This is illustrated by the following result. Furthermore, P is left type. We denote P = THP 2k,|G|/|H| (P ) and call it twisted half prisms over F . This can be achieved by slightly rotating F in the proof of Lemma 6.4, such that the edges of F are not parallel to the ones of F .
We summarize the constructions given in this section in the following list: Corollary 6.6. For a G symmetric polytope P , we have the following operations on P (P denotes the polytope obtained by the operation):
Proof. This Corollary is basically a summary of this section. Note that for every operation φ of the above with certain conditions on P , there is a dual operation defined by φ ∨ (P ) = (φ(P ∨ )) ∨ . Clearly, the conditions on the argument and the properties of the image are dual to the conditions and properties according to φ.
For the construction of polytopes via the above described methods, we need explicit examples of polytopes to start with. These polytopes need to have 'small' f -vectors, since the constructions can only increase the number of vertices and facets. In the following, we give a list of well known polytopes that are used in this work.
Notation 6.7. The following polytopes are used in this paper without further discussion. They are all part of the Platonic, the Archimedean and the Catalan solids and thus well studied in literature. Note that this is not a complete list. T rID truncated icosidodecahedron I (120, 62) Figure 9 : The C 6 -symmetric polytopes P yr 6 , P ri 6 and T P ri 6 . This figure as well as following similiar figures are created using Sage [The] and Polymake [GJ00] 7 Characterization of f -vectors
In this section, we go through all finite orthogonal rotation and rotary reflection groups, as described in Theorem 2.5, and characterize their f -vectors using the tools developed in the previous sections. We start with the group C n , the cyclic group of order n, which is generated by a rotation with rotation-angle 2π/n around a given axis. Thus, C n has two non-regular orbits of size 1, namely the two rays of the rotation axis. These are flip-orbits if and only if n = 2.
Theorem 7.1. For n > 2 we have
In the proof, we need the following special C n -symmetric polytopes, see Figure 9 for images: 1. P yr k is a pyramid over a regular k-gon. f (P yr k ) = (k + 1, k + 1).
2. P ri k is a prism over a regular k-gon. f (P ri k ) = (2k, k + 2).
3. T P ri k is a twisted prism over a regular k-gon. f (T P ri k ) = (2k, 2k + 2).
Proof. Denote by F the right hand side of the assertion. By Lemma 3.2, we have for any C n -symmetric polytope P
The case f (P ) ≡ (0, 2) mod n yields that P has one facet with at least n vertices on each non-regular orbit. Counting {12} -flags we therefore have 2f 1 (P ) = f 12 (P ) ≥ 3 · (f 2 (P ) − 2) + 2 · n. This is, by the Euler Equation (2.1) ((1)), equivalent to 2f 0 (P ) − f 2 (P ) ≥ 2n − 2.
Since F (C n ) is invariant under , we thus know that F (C n ) ⊂ F . Consider Corollary 5.5 and the following table to see that F ⊂ F (C n ):
(1, 1) (n + 1, n + 1) P yr n B (2n + 1, 2n + 1) P yr 2n B (3n + 1, 3n + 1) P yr 3n B (0, 2) (2n, n + 2) P ri n R TP n,1 ( * ) L (3n, 2n + 2) RP n,1 (P ri n ) R TP n,1 ( * ) L (2n, 2n + 2) T P ri n L RP 2 n,1 (P ri n ) R Unlike C n with n > 2, the group C 2 has two flip-orbits. Thus, any C 2symmetric polytope may have edges with non-trivial stabilizer. This gives us tremendously more freedom in the construction of C 2 symmetric polytopes.
We consider the group C 2 as rotations around the z-axis. The next result shows that, in fact, any f -vector can be realized by a C 2 symmetric polytope.
Theorem 7.2. We have F (C 2 ) = F . In the proof we will need the following special C 2 symmetric polytopes with small f -vectors. See Figure 10 for images.
• ST := conv (C 2 ·{(−1, 0, 1), (1, 1, 0), (1, −2, −1)}) is a polytope that looks like a 'scattered tent'. f (ST ) = (6, 6).
• DT := conv (C 2 ·{(1, 0, 1), (2, 2, 0), (2, −2, 0), (1, 0, −1)}) is a polytope that looks like a tent above and below a 4-gon. f (DT ) = (8, 8).
• RT 2k (regular tent) is constructed by taking a regular 2k-gon and stack a small edge above it, such that the new edge is paralell to two edges of the 2k-gon. f (RT k ) = (k + 2, k + 1).
• T T k (twisted tent over k-gon) can be constructed by taking a regular kgon and stack a small edge above it such that the new edge is not paralell to any edge of the k-gon. f (T T k ) = (k + 2, k + 3).
Proof. Of course F (C 2 ) ⊂ F . To see that
consider Corollary 5.5 and the following table:
Next, we characterize the f -vectors for the group D d . This group consists of a d-fold rotation around a given axis v and 2d two-fold rotations around axes that are orthogonal to v. So we have one non-regular orbit consisting of the two rays belonging to v which is a flip-orbit if and only if d = 2. Furthermore, D d has two flip orbits of size d, whose rays each make up half of the two-fold rotation axes.
These observations are sufficient to characterize f -vectors for the group D d :
Theorem 7.3. For d > 2 and n = 2d we have
For the construction of small f -vectors we need the following polytopes, which are D d symmetric for certain parameters (see also Figure 11 ):
• DP ri k (double prism on a k-gon), a regular k-gon with a smaller copy above and below. f (DP ri k ) = (3k, 2k + 2). This is D d symmetric when d divides k.
• Dia k (diamond of order k). This is the dual of the following polytope: A regular k-gon with twisted smaller copies above and below. f (Dia k ) = (4k + 2, 3k). This is D d symmetric when d divides k. • EB 2k,l (edge belt): the convex hull of l regular 2k-gons arranged along an l-gon, such that two neighboring k-gons intersect in an edge. f (EB k,l ) = (l · 2(k − 1), 2 · k−1 2 · l + l + 2). This is D d symmetric when d divides l.
• B 2k,l (belt): the convex hull of l regular 2k-gons arranged along an l-gon, such that two neighboring 2k-gons intersect in a vertex. f (B 2k,l ) = ((2k − 1) · l, 2(1 + k 2 ) · l + 2). This is D d symmetric, when d divides l.
Proof. Denote by F the right hand side of the assertion. By Lemma 3.2 we know that If f 2 (P ) ≡ d + 2 mod n then P has facets on the rotation axis containing at least d vertices. Furthermore, P has also facets on exactly one of the flip-orbits, containing at least 4 vertices. By counting {1, 2}-flags we have
By applying Euler's equation 2.1 ((1)), we have 2f 0 (P ) − f 2 (P ) ≥ 3d − 2. Since F (D d ) is invariant under , we know that F (D d ) ⊂ F . To see that F ⊂ F (D d ) consider Corollary 5.5 and the following table:
Next, we consider D 2 . This group can be interpreted as the group of all flips around coordinate axes. Thus, D 2 has exactly three flip-orbits of size 2, each consisting of the rays of one flip-axis.
Interestingly, the respective characterization of f -vectors contains the exceptional case f = (6, 6), which can not be realized by a D 2 symmetric polytope.
Theorem 7.4. We have F (D 2 ) = {f ∈ F : f ≡ (0, 0), (0, 2), (2, 2) mod 4} \ {(6, 6)}.
For small f -vectors we consider the following special D 2 -symmetric polytopes (see Figure 12 ):
• Dih 2 (10, 10) = conv(D 2 ·{(6, 0, 0), (1, 1, 1), (2, 1, −2)} • Dih 2 (10, 14) = conv(D 2 ·{(2, 0, 0), (1, 1, 1), ( 3 4 , 1, 3 2 )})
• Dih 2 (12, 12) = conv{D 2 ·(2, 1, 1), (−2, 1, 1), (1, 0, 2)}
• Dih 2 (14, 14) = conv{D 2 ·(4, 0, 0), (1, 3, 0), (2, 0, 1), (0, 2, 1)} Figure 12 :
The D 2 -symmetric polytopes Dih 2 (10, 10), Dih 2 (10, 14), Dih 2 (12, 12), Dih 2 (14, 14) and Dih 2 (18, 18)
• Dih 2 (18, 18) = conv{D 2 ·(4, 0, 0), (1, 3, 0), (2, 0, 1), (0, 2, 1), ( 1 8 , 23 8 , 1)} Proof. Denote by F the right hand side of the assertion. By Lemma 3. Next we show that f (P ) = (6, 6). Suppose f (P ) ≡ (2, 2) mod 4. Then each flip orbit intersects two vertices, two edges and two facets of P , respectively. These vertices and facets are incident with at least 4 edges due to the induced symmetry. Furthermore, due to the symmetry no edge intersects more than one flip-axis. Thus f 0 (P ) + f 2 (P ) − 2 = f 1 (P ) ≥ 4 · 4 + 2 = 18 and therefore f (P ) = (6, 6). Altogether, this shows F (D 2 ) ⊂ F . To see that F ⊂ F (D 2 ) consider Corollary 5.5 and the following table (note that the triangle certificate for f = (6, 6) is missing the top entry, which is not relevant for the existence of f -vectors other than (6, 6)). Now we consider the tetrahedral rotation group T. Take a given regular tetrahedron with barycenter 0. The tetrahedral rotation group T contains four order three rotations around axis which go through a vertex and the respectively opposing facet. Furthermore it contains flips around axes through the midpoints of two opposing edges.
This group has two non-regular orbits of size 4 which are not flip-orbits and a flip-orbit of size 6.
We do not need any further polytopes other than the polytopes in Notation 6.7 to proof the following characterization: Table 5 in the appendix.
Next, we consider the octahedral rotation group O. Take a given regular cube with barycenter 0. The group O contains three four-fold rotations around axis through opposing facets. Furthermore it contains four three-fold rotations around axis through two opposing vertices and flips around axis through the midpoints of the edges.
Thus, the group O has one non-regular orbit of size 6 consisting of the rays of the threefold rotation axes. Furthermore it has a non-regular orbit of size 8 consisting of all rays of the fourfold rotation axes. Lastly, it has a flip orbit of size 12 consisting of all rays belonging to the flip axes. Table 6 in the appendix.
Next, we consider the icosahedral rotation group I. Take a given icosahedron with barycenter 0. The group I contains five-fold rotations around axes through opposing vertices. Furthermore, it contains three-fold rotations around axes through opposing facets and flips around axes through the midpoints of edges. Therefore, the group I has three different non-regular orbits. One nonflip of size 20 consisting of the rays belonging to the threefold rotation axes. Furthermore, there is a non-generate orbit of size 12 consisting of the rays belonging to the five-fold rotations. Lastly, there is a flip-orbit consisting of the 30 rays belonging to the flip axes. be the golden ratio. Without loss of generality we consider I as the matrix group generated by
and state the following I symmetric polytopes in an explicit way (see also Figure 14 :
• Ico(80, 42) = conv(I ·{(1, 0, 1), (− 1 2 , 0, − 1 2 Φ − 1 2 )})
• Ico(150, 92) = conv(I ·{(0, 0, 1), ( 1 6 , 2 3 Φ − 2 3 , 1 6 Φ + 2 3 ), ( 1 12 , 7 12 Φ − 7 12 , 1 12 Φ + 5 6 )})
• Ico(180, 122) = conv(I ·{( 1 2 Φ+ 1 4 , − 1 4 Φ+ 1 4 , 1 4 Φ+ 1 2 ), (− 1 6 Φ+1, − 1 6 , 1 6 Φ+ 5 6 ),
Proof. Denote by F the right hand side of the assertion. By Lemma 3.2 we therefore have
which is equivalent to F (I) ⊂ F . To see that F ⊂ F (I) consider Corollary 5.5 and Table 7 in the appendix. Now, consider the rotary reflection group G = G d . It is generated by the product Θ · σ where Θ is a 2d-fold rotation and σ is a reflection orthogonal to the rotation axis of Θ. The order of G d is n = 2d. The group has a non-regular orbit of size two on the rotation axis. All other orbits are regular. We need no further polytopes to derive the following result: Theorem 7.8. We have,
Proof. Denote by F the right hand side of the assertion. By Lemma 3.2 we have F (G d ) ⊂ F . To see that F ⊂ F (G d ) consider the following table:
Next, we consider the group G 2 where the rotation axis provides a flip-orbit of size two. As a special G 2 -symmetric polytope we consider G d (16, 18) the square orthobi cupola also known as Johnson solid 28.
Theorem 7.9. We have F (G 2 ) = {f ∈ F : f ≡ (0, 0), (0, 2) mod 4}.
Proof. Denote by F the right hand side of the assertion. By Lemma 3.2 we have F (G 2 ) ⊂ F . To see that F ⊂ F (G 2 ) consider the following table: The group G 1 is the point reflection at the origin. As a matrix group it is generated by the negative identity matrix.
Theorem 7.10. We have F (G 1 ) = {f ∈ F : f ≡ (0, 0) mod 2} \ {(4, 4), (6, 6)}.
For the proof, we give the following G 1 -symmetric polytopes in an explicit way (see also Figure 15 ): Proof. Denote by F the right hand side of the assertion. First we show that (4, 4), (6, 6) / ∈ F (G 1 ). Note that any facet and its reflection at the origin do not intersect. From that we can first conclude that a G 1 -symmetric polytope has at least 6 vertices. Secondly, a G 1 -symmetric polytope with 6 vertices has to be simplicial. By Theorem 2.1, that means 2f 0 − f 2 = 4 which is not satisfied for f = (6, 6). Together with Lemma 3.2 we thus have F (G 1 ) ⊂ F .
To see that F ⊂ F (G 1 ) consider Corollary 5.5 and the following table: 
Open questions
Up to this point only reflection free symmetries have been discussed. To prove the main theorem, Theorem 1.1, we mostly followed the characterization 2.5 from Grove and Benson [GB85, Theorem 2.5.2]. In order to characterize the f -vectors of the remaining symmetry groups, it is important to know about the contained reflections and their arrangement. Therefore, we propose the following characterization of symmetry groups containing reflections instead: Denote a rotation around the z-axis by an angle of 2π/d by Θ d and a reflection in a plane H by σ H . Let further z ⊥ and x ⊥ be the planes through the origin orthogonal to the z-axis and the x-axis, respectively. Then we have the following:
Theorem 8.1. Let G be a finite orthogonal subgroup of GL 3 (R). If G contains a reflection then it is isomorphic to one of the following:
1. The cyclic rotation group with an additional reflection orthogonal to the rotation axis C ⊥
2. the cyclic rotation group with an additional reflection that contains the rotation axis
3. the cyclic rotation group containing both additional reflections
4. the rotary reflection group of order 2d with an additional reflection containing the rotation axis
5. the full tetrahedral, octahedral and icosahedral symmetry groupT,Ô,Î respectively, 6. the group T * = T ∪{−X : X ∈ T}.
Proof. In [GB85, Theorem 2.5.2] it is shown that any finite orthogonal group consists of rotations and negatives of rotations. Observe that Θ is a flip around an axis v if and only if −Θ is a reflection on v ⊥ . Furthermore, −Θ d contains a reflection if and only if d ≡ 2 mod 4. If d ≡ 2 mod 4 this group has order d for even d and order n = 2d for odd d. Using this, we can compare the above list with the characterization to observe that these characterizations are equivalent.
In particular (in the notation of Benson) Next, we consider another related problem. For any three dimensional polytope P we define its linear symmetry group by Symm(P ) = {A ∈ R 3×3 : A · P = P }. Furthermore, we denote F (G) = {f ∈ F : there is a polytope P withf (P ) = f, Symm(P ) = G}.
Then F (G) ⊂ F (G). We conjecture that every 'large enough' f -vector in F (G) is also contained in F (G) while there are finitely many f -vectors in F (G)\F (G). This conjecture is indicated by [Isa77] .
Another interesting problem is the problem in higher dimensions, even the traditional f -vector problem is very hard in four dimensions. Nevertheless, the constructions in Corollary 6.6 and Lemma 3.2 can be generalized for any dimension yielding an inner and outer approximation of f -vectors of symmetric polytopes. It is expectable that these approximations differ a lot.
To conclude this paper we summarize open problems which deserve further investigation: Table 5 : Certificates for the tetrahedral rotation group T. 
